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1. INTRODUCTION 
In [S] Lazer and Leach considered the following boundary value problem: 
3’” + h(4 Y, Y’>Y = f(t, Y, Y’), 
They proved that this nonlinear problem has at least one solution if(i) R(t, C% , 2%) 
and f(t, x1 , ~a) are continuous for t E [0, ~-1, --co < or , x2 < co, (ii) f  is 
bounded, and (iii) there exists an integer m > 0 and some 6 > 0 such that 
(a2 + sy < h(t, x l,s,)~(m+l-S)“fort~[O,?r]and--oc!<~~,rg<~, 
The higher dimensional analog of (1) was studied in [6;1 by Landesman and Lazer- 
We consider here the general abstract version of problem (1), and by the 
application of operator-theoretic techniques we obtain the existence of solutions. 
in a direct manner. Even though our basic method of proof is the same as in 
[?‘I, we arrive at the existence of a unique solution of a linear version of (1) 
by perturbing the linear operator involved in such a manner that it is invertible, 
and hence, we are able to obtain a setting for an application of the Banach 
contraction mapping theorem. The important a priori estimates needed tot 
conclude the existence of a solution of (1) also result from this method. This: 
technique of perturbation may also be seen in the works of Dolph [3] and 
Kolodner [5]. 
These operator-theoretic techniques are then utilized to study a generalized 
version of the periodic problem: 
Y” + grad G(Y) = p(f), 
y(0) = Y@T), Y’(0) = Y’Qrr), 
(21 
1 
Copyright 0 1977 by Academic Press, Inc. 
X11 rights of reproduction in any form reserved. ISSN 0022-0396 
2 KANNAN AND LOCKER 
where p(t) is 2rr-periodic in t and GE C2(Rn, R) is such that there exist an 
integer m and real numbers p, q such that 
dI<qI< [z%] <~l<(m+1)~1 forall UER”. 
Problem (Z), which corresponds to a periodically perturbed conservative system, 
has been studied by Lazer and Sanchez [8], Ahmad [l], and Kannan [4]. 
The generalized version of problem (2) is shown to be uniquely solvable 
by applying the same perturbation technique that is used to study the generaliza- 
tion of problem (l), and hence, we do not resort to alternative methods. An 
additional feature of these techniques is that for both problems (1) and (2) 
we are able to obtain upper bounds for’ the solutions in the norm of the Sobolev 
space of the same order as the order of the linear differential operator. 
The authors would like to thank the referee for pointing out some of the 
references and remarks that follow. 
In [lo] Williams has studied problems of type (1) for elliptic partial dif- 
ferential equations subject to Dirichlet boundary conditions, utilizing methods 
similar to ours. It should be noted that our result allows more general boundary 
conditions and permits us to deal with nonlinearities involving derivatives 
of higher order. Also, our approach is simpler and more straightforward because 
of the ordinary differential equation setting. 
Problems of type (2) have recently been studied by other authors using 
direct methods. Mawhin [9] has obtained the existence- and uniqueness of 
solutions by a similar application of the contraction mapping theorem. Chow, 
Hale, and Mallet-Paret [2] have obtained the existence of solutions while 
studying the problem of generic bifurcation, uniqueness being implicit in their 
method. 
2. THE NONLINEAR BOUNDARY VALUE PROBLEM 
Let S be the real Hilbert space L2[u, b] with the norm denoted by I/ . 11. 
We denote by lJn[u, b] the subspace of S consisting of all functions u(t) in 
Cn--l[a, b] with uo-1) absolutely continuous ‘on [a, b] and zJn) in S, where &) 
denotes the ith derivative of u. Hn[a, b] is a Banach space under the norm 
n-1 
j u JR = C max / O(t)] + Ij u(“) /I, 
szo a<w 
zd E H”[u, b], 
and the topology induced by this norm will be referred to as the 
H”-topology. 
Let 7 = cZO a,(t)(d/&)i be an 72th order formal differential operator with 
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coefficients ai belonging to P[a, b] and a,(t) f ;  0 on [a, b], and iet 
S-1 N-1 
f+(u) = C Olijdj)(u) + C pip(j)(b), i = l,..., II, 
+a .i=O 
be a set of n linearly independent boundary values with the I+, pu being 
real constants. We now define a linear differential operator L in S by 
9(L) = {u E fP[a, b] I B&4) = 0, i = l)...) n}, 
Lu = 7-u. 
Assume L is self-adjoint. Let #Q , i = 1, 2,... be an orthonormal basis for S 
made up of eigenfunctions of L, and let hi , i = 1,2,... be the corresponding 
eigenvalues of L so that L& = A,& , i = 1,2,... . Clearly i A, 1 + cc as i ----f a= 
An equivalent norm for EP[u, 61 is given by 
and hence, there exists a constant Mr > 0 such that 
i 24 Ia < n/l,[ll 24 II t II 724 !!I (3? 
for all u E Hn[a, b]. The constant Mr depends only on r, r-, and [a, b]. 
The space H”[u, b] is contained in H+l[u, b] and the injection mapping 
is continuous and compact. Hence, there exists a constant Mz > 0, depending 
only on n and [a, b], such that 
for all 24 E H’“[u, b]. 
We now state and prove our main theorem. 
THEOREM 1. Let h: [u, b] x R” + R and f: [a, b] x Rn -+ R be tzrw con- 
tinuous functions such that 
(a) there exist Peal numbers p, q with q < h(t, x) < p, t E [a, b] and x E- Ri, 
(b) At $ [n, PI, it’ = 1, L., 
(c) there exists M > 0 such that / f (t, x)j < M, t E [a, b] azzd s E Rn. 
Tlzen the nonlinear boundary zlalue problenz 
Ly - h(t, y, y’,..., y@-1)) y = f(t, y, y’,..., y’“-1’) (5) 
has at least one solution. 
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Proof. We first outline the six steps of the proof. 
(I) For any given function eu(t) E H”-r[a, c5] we show that the linear 
boundary value problem 
Ly - h(t, w, d)...) zo(“-1’)3’ = f(t, w, w’,..., zo(“-1)) (6) 
has a unique solution u(t) E g-(L) C Hn[a, b]. Thus, we define a mapping 
T: Hn-l[a, b] -+ g(L) C H”[a, 61 by Tw = U, where u is the unique solution 
of (6) corresponding to w. 
(II) / Tw I,n < y, a constant independent of w. 
(III) T: H”l-l[a, b] + 53(L) C P[n, b] is continuous from the W-l- 
topology to the @“-topology. 
(IV) T: H”-l[a, b] + Hn-l[a, b] is continuous and compact in the 
H”-i-topology. 
(V) T maps the ball B = {zu E EP-r[a, b] ] 1 zu j,n-l < May} into itself. 
(VI) Thus T has at least one fixed point in B by the Schauder fixed 
point theorem. It is clear from the definition of T that this fixed point is a 
solution of the nonlinear boundary value problem (5). 
We now establish the first five steps. 
Step I. Let w(t) E W-i[u, b] be any given function, and let us consider 
the linear boundary value problem (6). Setting p = (p + 4)/2, we know by 
condition (b) that there exists an integer m > 1 such that 
P - EL < I A, - p I < I 4 - p I, i = 1, 2,... . (7) 
Now the differential operator L, defined by g(L,) = g(L), L,u = Lu - pu, 
is self-adjoint and invertible, and hence, its inverse K,: S + S is compact 
and self-adjoint with 
11 Kl j/ = sup 1 Ai - p j--l = 1 A, - /A I-1. (8) 
The linear boundary value problem (6) can be rewritten as 
L,y + tL3’ - h(t, ‘a.! )...) Ed”-1))3’ =f(t, w )...) ?a(“-1)). 
Let N: S - S be the nonlinear operator defined by 
(9) 
Nj = py - h(t, zu )...) w(+l))y -f(t, w )..., w(=l)). 
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Since h(t, w,..., z@-l)) and f(t, w,..., z@n) are bounded, N is well-defined 
on S. -41~0, for u, v  E S we have 
We now replace (9) by the equivalent equation 
From (7), (8), and (10) it follows that --Z&V: S -+ S is a strict contraction, 
and hence, it has a unique fked point, i.e., Eq. (11) is uniquely solvable. We 
conclude that the linear boundary value problem (6) has a unique solution 
u(t) E c&c) c H”[u, b]. 
Let T: Hn--l[a, b] ---t g(L) C H”[n, b] be the mapping which associates ta 
each w E P-l[a, b] the unique solution u E B(L) of problem (6). 
Step II. We want to estimate u = Tw in the P-norm. Let a(f) :: 
h(t, w,..., &-l)) and /3(t) -f(t, zo ,..., ZL+-~)). Then 
and consequently, if we set Ms = [I A, - p 1 - ( p -- EL)}-1, then 
By conditions (a) and (c) we have 
and !I p // ,( M(b - n)rp, and hence, from (3) we get 
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Step III. Suppose wi --f ws in the .H+l-norm. Let U’ = Twi , LYyi = 
h(t, wj ,..., wp-1) ), and /$ = f(t, wi ,..., wjnW1)) for i = 0, 1, 2 ,... . Clearly 
(LUi - LZC,) - ($Zf!j - O!&) = pi - PO ) 
and we can rewrite this equation as 
L(Uj - 240) - CXj(Ui - 240) = ($ - 01O)UO + pi - PO w 
But this equation is of the same form as (6) and hence, repeating the argument 
of Step II we get 
The continuity and boundedness of h and f  implies that 11 oli - olo /I + 0 and 
11 pi - PO I] -+ 0, and hence, I uz - u. In + 0 as i + co. Therefore, T is con- 
tinuous from the PI-l-topology to the Hn-topology. 
Step IV. Since the injection map of Hn[u, b] into Hn-l[u, b] is continuous 
and compact, it follows that T: H+l[a, b] + H+l[a, b] is continuous and 
compact under the @-l-topology. 
Step V. Let B = {w E H+l[a, b] j / w IlaP1 < Icfay]. Then for any w E B 
we have by (4) and Step II that 
Thus, T maps B into itself. 
This completes the proof. 
Remark 1. If  w(t) is a fixed point of T, then w(t) = Tw(t) = u(t) satisfies 
(6), and hence, Step II provides an upper bound for I u In . 
3. A GENERALIZATION OF PERIODICALLY PERTURBED CONSERVATIVE SYSTEMS 
We conclude this paper with an application of the above ideas to a nonlinear 
boundary value problem which is an abstract generalization of the periodically 
perturbed conservative systems. Let L be the self-adjoint linear differential 
operator introduced in Section 2, and let S be the real Hilbert space Lz[u, b]. 
THEOREM 2. If  GE P(R, R), f E S, and there exist p, q such that 
(a) q < d2G(a)/dx2 < p for all a E R, 
(b) hi 6 [q, p], i = 1, 2,-**, 
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then the rzonlinear boundary value problem 
has a unique solutioll. 
Ly - [dG(y)jdxl = f (12) 
Proof. As in the proof of Theorem 1 let p = (p f  4)/Z, let m 3 1 be 
an integer such that 
P--P < IL-PI G Ixi-PlI, i = 1, z,..., 
let L, = L - ~1, and let K1 be the inverse of L, . We can rewrite Eq. (12) as 
L,y + Nj = 0, (13) 
where N: S -+ S is the nonlinear operator defined by Ny = ~3’ - [dG( y)/dx] - f. 
It can easily be seen that N satisfies a Lipschitz condition with Lipschitz 
constant p - p. 
I f  we now replace Eq. (13) by the equivalent equation y  + K,Ny = 0, 
then proceeding as in Theorem 1 it can be shown that -KIhT: S +- S is a 
strict contraction, and hence, it has a unique fixed point. Thus, the nonlinear 
problem (12) has a unique solution. 
Remark 2. We can rewrite (12) as 
LY - h(y) y  = f  + t~G(O)/d$ 
where h(x) = ji [d*G(sx)/M] ds is a continuous function with 4 < h(s) < p 
for --03 < x < CO. Thus, problem (12) is a special case of problem (5), and 
as in Remark 1 we can obtain an P-estimate for the unique solution of (12). 
Remark 3. These techniques can be generalized easiIy to cover nonlinear 
systems of the form 
Liyi - (aG/axi)(t, yl ,..., y*,,,) = fi , i=l )..., 111, (14) 
where L 1 ,..., L, are self-adjoint linear differential operators in S of orders 
n1 ,..., 11, , respectively. 
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